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Abstract
We determine the different possible space-time metrics inside an
infinite rotating hollow cylinder with given energy density and longi-
tudinal and azimuthal stresses, the metric outside the cylinder being
chosen of the spinning cosmic string type. The solutions we obtain
for various domains of values of the cylinder parameters include a
space-time with topologically Euclidean spatial sections, a black-hole
solution, a quasi-regular solution, and various wormhole solutions. A
solution which is regular only if the longitudinal dimension is com-
pactified might approximately describe spontaneous compactification
of the cylinder to a torus.
∗E-mail: GECL@CCR.JUSSIEU.FR
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1 Introduction
The space-time metric at large distance from a thin, straight, infinitely long
cosmic string is well known [1, 2] to be flat but non-Minkowskian, with
an angular deficit proportional to the linear energy density of the string.
On the other hand, the gravitational field in the region of space where the
energy-momentum tensor is non-negligible depends on the precise mecha-
nism responsible for the existence of the string. A limiting case which may
be of some interest is that of a hollow cosmic string, the energy-momentum
tensor being concentrated not on a line but on the surface of an infinitely
long cylinder. The gravitational field generated by such a cylinder with given
energy density and longitudinal and azimuthal stresses, and rotating about
its axis, was in principle determined some time ago by Frehland [3]. One
of the results of Frehland’s analysis is that, unexpectedly, a rotating hollow
cylinder can exist in general relativity only if its energy-momentum is trace-
less. Actually, as we shall show below, this intriguing result is not general,
but follows from the hidden assumption that the apparent singularities of
the space-time metric outside and inside the cylinder coincide. Once this
unnecessary constraint is removed, Frehland’s ‘traceless’ condition no longer
holds.
This remark led us into reanalyzing the problem of the rotating hollow
cylinder, along the lines of the analysis carried out in [4] for a rotating closed
string in three-dimensional space-time. The space-time metric outside and
inside the cylinder is a stationary, cylindrically symmetric solution of the
vacuum Einstein equations. We first give, in the second section of this pa-
per, a complete classification of these solutions. We expect that, from a large
distance, the hollow cylinder should look like a thin straight cosmic string, so
it is natural to choose the metric outside the cylinder to be the well-known
conical metric. Making this choice, we apply in the third section the junction
method [5] to derive the parameters of the interior metric from the knowl-
edge of the cylinder’s energy-momentum tensor, which we assume to have the
anisotropic perfect-fluid form. The generic vacuum stationary cylindrically-
symmetric metric being singular on a cylindrical surface S− coaxial with the
matter cylinder, the interior metric we have obtained can be regular in two
cases. Either 1) the singular surface S− is in the interior region, but the
singularity is only a coordinate singularity. This possibility, studied in the
fourth section, includes, along with a solution with global spatial sections
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which are topologically R3 (S− then reduces to the axis of symmetry), two
other families of non-topologically Euclidean solutions: black cosmic string
solutions, and a family of quasi-regular solutions, including a limiting case
which we interpret as corresponding to a closed hollow cosmic string. Or
2) the singular cylinder S− lies outside the matter cylinder, so that the sin-
gularity is only virtual. As discussed in the fifth section, the corresponding
solutions can be divided in two classes, according to the fate of test parti-
cles falling inside the cylinder, which may either be eventually reflected back
to the ouside space, or accelerated towards the cylinder at interior spatial
infinity. We close with a brief discussion.
2 Stationary cylindrically symmetric vacuum
space-times
A stationary cylindrically symmetric metric has three commuting Killing
vectors, one of which is time-like. Such a metric can be parametrized in
adapted coordinates by
ds2 = λab(r) dx
a dxb − dr2 (2.1)
(a, b = 0, 1, 2), with x0 = t, x1 = ϕ (0 ≤ ϕ < 2pi), x2 = z. With this
parametrization, the Einstein equations read [6]
Srr ≡
1
8
[
Tr(χ2)− (Trχ)2
]
= κT rr ,
Sab ≡
1
2
[
χ′ab +
1
2
(Trχ)χab
− δab
(
Trχ′ +
1
4
[
Tr(χ2) + (Trχ)2
])]
= κT ab (2.2)
(′ = d/dr), where χ is the 3× 3 matrix
χ = λ−1 λ′ . (2.3)
Surprisingly, although particular solutions of the vacuum equations (2.2)
(T µν = 0) have been previously discussed in the literature [6, 7, 8], no ex-
haustive classification of these solutions is, to our knowledge, available. In
3
vacuum, the equations (2.2) simplify to
Tr(χ2) = (Trχ)2 , (2.4)
χ′ +
1
2
(Trχ)χ = 0 . (2.5)
Putting
f ≡ 1
2
Trχ , (2.6)
and tracing eq. (2.5), we obtain the differential equation
f ′ + f 2 = 0 (2.7)
which is solved either by
f =
1
r − r0 , (2.8)
or by
f = 0 . (2.9)
In the first, generic case, the full eq. (2.5) is solved by
χ =
2
r − r0 A (2.10)
where A is a constant 3 × 3 matrix, which according to eqs. (2.6) and (2.4)
is constrained by
TrA = TrA2 = 1 . (2.11)
The integration of eq. (2.3) then leads to
λ = C exp [2A ln |r − r0|] , (2.12)
where C is a new constant matrix, of signature (+− −). The symmetry of
the matrix λ implies the symmetry relations
CT = C , (CA)T = CA . (2.13)
The constraints (2.11) are equivalent to the relations
p0 + p1 + p2 = 1 , p0
2 + p1
2 + p2
2 = 1 , (2.14)
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between the three eigenvalues of the matrix A. If these three eigenvalues are
real and different, the matrix A may be brought into the diagonal form
A =
∑
i
pi n
(i) ⊗ n(i) , (2.15)
where the n(i) are the linearly independent eigenvectors of A, and the n(i)
are the dual basis one-forms such that
〈n(i), n(j)〉 ≡ n(i)a n(j)a = δij . (2.16)
The symmetry properties (2.13) imply that the matrix C is diagonal in the
basis n(i) ⊗ n(j), so that eq. (2.12) reads
λ =
∑
i
ki |r − r0|2pi n(i) ⊗ n(i) , (2.17)
leading to the Kasner-like [9, 10] metric
ds2 =
∑
i
ki |r − r0|2pi (dyi)2 − dr2 , (2.18)
where1
dyi = n(i)a dx
a . (2.19)
If an eigenvalue p is degenerate (p = 0 or p = 2/3), then (A − p)3 =
(1− 3p)(A− p)2, so that (2.12) leads to
λ = C
{
(A− p)2
(1− 3p)2 |r − r0|
2−4p +
[
1− (A− p)
2
(1− 3p)2
]
|r − r0|2p
+
[
A− p− (A− p)
2
1− 3p
]
ln |r − r0| · |r − r0|2p
}
, (2.20)
which is not of the Kasner form if (A − p)2 6= (1 − 3p)(A − p); the case
p = 0 is more fully discussed in sect. 4. If two eigenvalues of A are complex
conjugate, with real part ρ and imaginary part σ, the Lagrange interpolation
formula
f(A) =
∑
i
f(pi)
∏
j 6=i
A− pj
pi − pj (2.21)
1Note that, owing to the periodicity condition on x1 = ϕ, (2.19) is not in general a glob-
ally defined coordinate transformation. As a consequence, the metric (2.18) is generically
stationary, not static.
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leads to
λ = M |r − r0|2−4ρ + [N cos(2 σ ln |r − r0|)
+ P sin(2 σ ln |r − r0|)] |r− r0|2ρ , (2.22)
where the matrices M,N, P are quadratic functions of A. The preceding
cases are also discussed in [6].
In the second case f = 0, eq. (2.5) is solved by
χ = A , (2.23)
where the constant matrix A is now constrained by
TrA = TrA2 = 0 , (2.24)
which implies the matrix relation
A3 = (detA) 1 (2.25)
(conversely eq. (2.25) implies eq. (2.24), unless A is proportional to the unit
matrix 1). Equation (2.3) then leads to
λ = C eAr , (2.26)
where the matrix C has the same signature and symmetry properties as
before. Non-diagonal solutions of (2.25) may be classified [11] according to
the rank r(A) of the matrix A:
(a) r(A) = 3. Then A has the three eigenvalues a, ja, j2a (where
j = e2ipi/3), leading to
λ =
1
3
C [(1 + A+ A
2
) ear + (2− A−A2) e−ar/2 cos(
√
3
2
ar)
+
√
3 (A−A2) e−ar/2 sin(
√
3
2
ar)] , (2.27)
where A = a−1A; this space-time is of Petrov type I.
(b) r(A) = 2, or A3 = 0, A2 6= 0. An example is
A =


0 0 0
0 0 −1
1 0 0

 , C =


0 1 0
1 0 0
0 0 −1

 , (2.28)
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leading to the metric
ds2 = −1
2
(r dt+ 2dz)2 + 2dt dϕ+ dz2 − dr2 . (2.29)
The Petrov type is N .
(c) r(A) = 1, or A2 = 0. Choosing
A =

 0 0 01 0 0
0 0 0

 , C =

 0 1 01 0 0
0 0 −1

 , (2.30)
we obtain the metric [4]
ds2 = r dt2 + 2dt dϕ− dz2 − dr2 . (2.31)
In this case the curvature tensor vanishes, so that there must exist a local
coordinate transformation which maps the metric into the Minkowski form
ds2 = dU dV − dY 2 − dZ2 . (2.32)
For the choice (2.30), this transformation is
t = U , ϕ =
1
2
[V +
1
6
U3 − U Y ] ,
r = Y − 1
4
U2 , z = Z . (2.33)
However, because of the periodicity condition on the null coordinate V , the
space-time of metric (2.31) is not globally equivalent to Minkowski space-
time.
(d) r(A) = 0, i. e. A = 0. The metric reduces to the “cylindrical
Minkowski metric”
ds2 = dt2 − R2 dϕ2 − dz2 − dr2 ; (2.34)
this is again locally, but not globally, equivalent to Minkowski space-time.
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3 The junction method for the hollow cylin-
der problem
We now return to our hollow cosmic string problem. Let us for convenience
translate the radial coordinate r (which is defined by the parametrization
(2.1) only up to an additive constant) so that the surface r = 0 corresponds to
the cylinder surface. As in Frehland’s analysis of the hollow cylinder problem
[3], we use the junction method [5] to determine the space-time metric, i. e.
the 3 × 3 matrix λ(r), from the knowledge of the energy-momentum tensor
T µν = κ
−1T µν δ(r) concentrated on the surface of the matter cylinder. The
metric field λ(r) may be written
λ(r) = λ+(r) θ(r) + λ−(r) θ(−r) , (3.1)
where the exterior and interior metrics λ+ and λ− solving the vacuum Eistein
equations may always be chosen so as to smoothly join along the cylinder
r = 0:
λ−(0) = λ+(0) . (3.2)
Because eq. (2.4) is satisfied everywhere, the energy-momentum component
T rr vanishes on the cylinder from the first eq. (2.2). The remaining Einstein
equations (2.2) then relate the discontinuity of the first derivative of the
metric field to the surface energy- momentum T :
χ+(0)− χ−(0) = 2 T − (TrT ) 1 . (3.3)
We choose the exterior metric to be the flat “spinning cosmic string”
metric , generalizing the three-dimensional “spinning point particle” metric
of [12],
ds2+ = (dt− ω dϕ)2 − α2 (r − r+)2 dϕ2 − dz2 − dr2 , (3.4)
so that a distant observer will see the cylinder as a cosmic string of mass per
unit length M = 2pi(1 − α)/κ and spin per unit length J = 2piω/κ. This
metric is of the form (2.17), with p1 = 1, p0 = p2 = 0, and the basis vectors
and one-forms
n
(0)
+ =

 10
0

 , n(1)+ =

 ω1
0

 , n(2)+ =

 00
1

 ,
n
(0)
+ = (1,−ω, 0) , n(1)+ = (0, 1, 0) , n(2)+ = (0, 0, 1) . (3.5)
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Of course the metric (3.4) is regular in the exterior region only if the conical
singularity is virtual, r+ < 0. As for the interior metric, we only assume that
it has the generic form
λ− = C− exp [2A− ln |r − r−|] , (3.6)
with the matrix A− constrained by (2.11); the various ‘exceptional’ solutions
(2.26) shall be recovered from (3.6) in the limit r− → ∞. Note that our
assumptions are, in a certain sense, dual to those of Frehland [3], who as-
sumed the interior metric to be Minkowskian, while the exterior metric was
the general Kasner form (2.18).
Following Frehland, we assume the surface energy-momentum of the cylin-
der to be that of a uniformly rotating anisotropic perfect fluid:
T =
(
(µ− τϕ) u⊗ u+ τϕ 1 0
0 τz
)
, (3.7)
with eigenvalues µ (surface energy density), τϕ and τz (azimuthal and longi-
tudinal stresses); here 1 is the 2 ⊗ 2 unit matrix. The local 2-velocity u is
normalized by 〈u, u〉 = 1, where u = uTλ(0). We shall use the parametriza-
tion relative to the exterior basis
u = (1− β2)−1/2 (n(0)+ + Ωn(1)+ ) , u = (1− β2)−1/2 (n(0)+ −
β2
Ω
n
(1)
+ ) , (3.8)
where Ω is the angular velocity of the rotating cylinder, and β = −αr+|Ω| is
its linear velocity.
With these assumptions, the Einstein equations (3.3) read
1
r+
n
(1)
+ ⊗ n(1)+ −
1
r−
A− =
 (τϕ − µ) u⊗ u+
(µ− τϕ + τz)
2 1 0
0
(µ+ τϕ − τz)
2

 , (3.9)
leading to the form of the unknown matrix A− in the basis n
(i)
+ ⊗ n(j)+ :
A− = −r−


τϕ−µ
1−β2 +
(µ−τϕ+τz)
2
β2 (µ−τϕ)
Ω (1−β2) 0
(τϕ−µ)Ω
1−β2
β2 (µ−τϕ)
1−β2 +
(µ−τϕ+τz)
2
− 1
r+
0
0 0 (µ+τϕ−τz)
2

 .
(3.10)
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This matrix must obey the two constraints (2.11), which lead to the two
relations
1
r+
− 1
r−
=
1
2
(µ+ τϕ + τz) ,
β2 =
τϕ − r+ (µτϕ − 14 (µ+ τϕ − τz)2)
µ− r+ (µτϕ − 14 (µ+ τϕ − τz)2)
. (3.11)
These equations may be solved to give the metric parameters r+ and r− in
terms of the cylinder parameters µ, τϕ, τz and β:
r+ =
τϕ − µ β2
(1− β2) (µτϕ − 14 (µ+ τϕ − τz)2)
,
r− =
4 (τϕ − µ β2)
β2 (3µ2 + (τϕ − τz)2)− ((µ− τz)2 + 3 τ 2ϕ)
. (3.12)
Frehland’s traceless condition [3] TrT = µ + τϕ + τz = 0 results from (3.11)
if r+ and r− happen to be equal. However, let us emphasize that this can
only be a coincidence, as there is a priori no relation whatsoever between the
locations of the virtual singularity r+ of the exterior metric and of the (real
or virtual) apparent singularity r− of the interior metric.
Solving the constraints (2.14) to determine the eigenvalues p0 and p1 of
the matrix A− from the eigenvalue p2 (obvious from eq. (3.10)), and taking
into account the first relation (3.11), we obtain
p0
1
=
1
2
r−
r+
(1− r+ τz ∓ ε
√
∆) ,
p2 = −1
2
r− (µ+ τϕ − τz) , (3.13)
where
∆ = (1− r+ τz) [1− 2 r+ (µ+ τϕ) + r+ τz] , (3.14)
and ε is a sign which shall be determined below. The corresponding arbi-
trarily normalized eigenvectors and associated one-forms are
n
(
0
1)
− = γ n
(0)
+ +
1
2
(η ∓ ε
√
∆)n
(1)
+ , n
(2)
− = n
(2)
+ ,
n
(
0
1)
− = ±δ−1 [
1
2
(η ± ε
√
∆)n
(0)
+ − γ n(1)+ ] , n(2)− = n(2)+ , (3.15)
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where we have put
γ =
r+ (τϕ − µ)
Ω
β2
1− β2 , η = 1 + r+ (τϕ − µ)
1 + β2
1− β2 , δ =
1− β2
1 + β2
γ ε
√
∆ .
(3.16)
To obtain the interior metric in the form (2.17), there remains to enforce the
continuity conditions (3.2), which may be written as λ−(0)n
(i)
− = ki|r−|2pin(i)− =
λ+(0)n
(i)
− , leading to
k0
1
= ±ε
2
α2 r2+
√
∆(η ∓ ε
√
∆) |r−|
−2p0
1 ,
k2 = −|r−|−2p2 . (3.17)
It can be checked that the product k0k1 is negative, as it should. The anholo-
nomic coordinate y0 in (2.18) is timelike if k0 is positive, which corresponds
to the choice
ε = sign η (3.18)
The metric we have obtained is a solution to the hollow cylinder problem
only if it is everywhere regular (except for the discontinuity (3.3) on the
cylinder surface). Now the interior metric has an apparent singularity on the
cylinder r = r−. If r− < 0, a necessary condition for regularity is that the
metric coefficients be analytic functions of r. This is possible if the exponents
pi are integer, i. e. from eq. (2.14) if one of the pi is equal to 1 and the two
others vanish. For p1 = 1, the spatial sections have the Euclidean topology,
while the two other cases p0 = 1 and p2 = 1 have non-Euclidean spatial
topologies; we take the point of view that an observer outside the string
should not rule out the possibility of exotic interior topologies. The other
possibility is r− > 0, in which case the interior metric is regular for all values
of the pi. In this case (in which we also include the limit r− → ∞, leading
to exceptional interior solutions), the global topology is that of a Lorentzian
wormhole, with the two axes at infinity r → ±∞. We study these various
possibilities in the following two sections.
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4 Solutions with an apparent singularity in-
side the cylinder
(a) p
1
= 1. Then p2 = 0 which, from the last equation (3.13), is possible
only if the cylinder parameters are related by
τz = µ+ τϕ . (4.1)
In this case (as well as in case (b) p0 = 1, which also implies p2 = 0), the
matrix A− of eq. (3.10) is really two-dimensional2 so that, taking into account
the continuity of the metric tensor, the interior metric reduces to
ds2− = λ−(2)ab(r) dx
a dxb − dz2 − dr2 . (4.2)
The global space-time is then the product of the z axis by the three-dimensional
space-time generated by a rotating closed string of energy density µ and stress
τϕ [4].
The first equation (3.13) with p0 = 0, p1 = 1 leads to the conditions
1− r+ τz = ε
√
∆ =
r+
r−
. (4.3)
As r+ and r− are both negative, it follows that ε = +1. The interior metric
may be written in the form (2.18),
ds2− = dt
′2 − (r − r−)2 dϕ′ − dz2 − dr2 , (4.4)
with
dt′ =
√
k0 δ
−1 [
1
2
(
√
∆+ η) dt− (1
2
(
√
∆+ η)ω +
δ√
∆
) dϕ] ,
dϕ′ =
√
−k1 δ−1 [1
2
(
√
∆− η) dt− (1
2
(
√
∆− η)ω − δ√
∆
) dϕ] . (4.5)
However this coordinate transformation is consistent with the periodicity
condition on ϕ only if the time t′ does not depend on ϕ and if the angle ϕ′
has the same period 2pi as ϕ, i. e.
1
2
(η +
√
∆)ω +
δ√
∆
= 0 ,
√
−k1 δ−1 [1
2
(η −
√
∆)ω +
δ√
∆
] = 1 (4.6)
2It then follows from eq. (2.11) that A2
−
= A−, so that the interior metric can be put
in the Kasner form even though the eigenvalue 0 is degenerate.
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(if these conditions are not satisfied, then the interior metric is a spinning
cosmic string metric, with a conical singularity at r = r−). The transfor-
mation (4.5) then reduces to a time dilation coupled with a uniform frame
rotation of angular velocity −ω/r2−.
Because the interior metric (4.4) is Minkowskian, the proper radius of
the cylinder r = 0 is unambiguously identified as |r−|, which is different from
the two possible exterior definitions |r+| and α|r+|. Taking the independent
parameters of the cylinder to be |r−|, µ and τϕ, τz is given by (4.1), while
from eqs. (3.11) the linear rotation velocity of the cylinder is
β =
τϕ (1 + r− τϕ)
µ (1 + r− µ)
(4.7)
(positive from eq. (4.9) below). If such a fine tuning between the cylinder
parameters is not achieved, then the centrifugal energy of the rotating cylin-
der does not balance its azimuthal stress, and the cylinder either contracts
or expands. The external metric parameter r+ is, from the first eq. (3.11),
r+ =
r−
1 + r− (µ+ τϕ)
. (4.8)
The remaining exterior metric parameters α and ω are then obtained from
the regularity conditions (4.6),
α2 = (1 + r− µ) (1 + r− τϕ) (1 + r− (µ+ τϕ)) ,
ω2 =
r4− µ τϕ
1 + r− (µ+ τϕ)
(4.9)
(to obtain this last relation, we have also used the definition β = −αr+|Ω|).
Combining eqs. (4.8) and (4.9), we obtain the relation
α2 r2+ − ω2 = r2− . (4.10)
In (4.10) we recognize the continuity condition (3.2) for the metric component
gϕϕ (which is unaffected by a uniform frame rotation). A consequence is that
gϕϕ stays negative outside as well as inside the cylinder r = 0 so that, contrary
to the case of the spinning cosmic string space-time [12], the global space-time
generated by the rotating cylinder does not contain closed timelike curves.
This is a very satisfactory feature of this solution.
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We still have to enforce the inequalities r+ < 0, r− < 0, ω2 ≥ 0 (from
which follows α2 > 0) and β < 1. These inequalities lead to two possible
domains of parameter values. The first possibility
0 ≤ τϕ < µ , µ+ τϕ < 1|r−| (4.11)
also implies
0 ≤ τϕ < β2 µ , (4.12)
and leads to the total cylinder mass per unit length
M =
2 pi
κ
(1− α) > 2 pi |r−| µ
κ
. (4.13)
The second possibility µ < τϕ ≤ 0, which also implies βµ < τϕ < β2µ,
must be excluded as it leads to a negative net mass per unit length M <
2pi|r−|µ/κ < 0.
(b) p
0
= 1. In this case again, p2 = 0 implies the relation (4.1), while eq.
(4.3) is here replaced by
1− r+ τz = −ε
√
∆ =
r+
r−
, (4.14)
from which follows ε = −1. This last condition is equivalent to the inequality
k0− > 0, which may be written
(1− r+ µ) (1− r+ τϕ) < 0 . (4.15)
Taking into account eqs. (4.7) and (4.8), which hold again in this case, the
inequality (4.15) results in the condition
0 ≤ −β µ < τϕ . (4.16)
The conditions (4.9) have no equivalent here. The reason is that, in this
case, a suitable uniform frame rotation on the interior metric determined in
the previous section leads to the metric [4]
ds2− = ν
2 (r − r−)2 (dt− ω− dϕ′)2 − R2 dϕ′2 − dz2 − dr2 . (4.17)
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The apparent singularity of this metric at r = r− is actually a cylindrical
horizon. The corresponding space-time is flat, as may be shown by carrying
out the local Rindler-like [13] transformation
t = (r − r−) sinh [ν (t− ω− ϕ′)] ,
r = (r − r−) cosh [ν (t− ω− ϕ′)] ,
ϕ = ϕ′ , z = z , (4.18)
which maps the domain r− ≤ r ≤ 0 of the interior space-time on one of the
two domains I (0 ≤ r2 − t2 ≤ r2−) of the Minkowski cylinder
ds2− = dt
2 − dr2 − R2 dϕ2 − dz2 . (4.19)
The maximal extension of the metric (4.17) is of course diffeomorphic to the
entire Minkowski cylinder. However, the maximally extended interior space-
time is not globally equivalent to the Minkowski cylinder, for two reasons.
The first is that the Rindler time t − ω−ϕ′ in (4.17) has a helical structure
[12]; a consequence is the occurence of closed timelike curves outside the
cylinder ν2ω2−(r − r−)2 = R2. The second reason is the inequality r ≤ 0,
which results in the truncation r ≤ (r2− + t2)1/2 of the Minkowski cylinder.
The metric (4.17) is invariant under the discrete symmetry r−r− → r−−r.
The full space-time geometry is invariant under this symmetry if the matter
cylinder at r = 0 is echoed by a mirror image cylinder at r = 2r−. The
Penrose diagram of this space-time is shown in Fig. 1. The two mirror-
symmetric cylinders separate space-time into three regions, two symmetrical
exterior regions with a truncated spinning cosmic string geometry, and an
interior region with a truncated spinning Rindler cylinder geometry (the
truncated maximal extension of the metric (4.17)). An observer falling inside
the stationary cylinder may send lightlike signals to the outside until he
crosses the horizon r = r−. Thereafter the observer continues falling through
flat space-time towards interior timelike infinity, while the cylindrical walls
now seem, in the Minkowskian frame (4.19), to expand according to r =
±(r2− + t2)1/2. The attempts of the trapped observer to communicate with
the outside are now doomed, as his signals r − t = constant never catch up
with the receding walls, and end up at interior lightlike infinity I+in. The
future Rindler region II (r2 − t2 < 0) is thus, for an external observer, a
cylindrical black hole with event horizon r = r− [14].
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We should emphasize here that this black hole structure arises if the
parameters of the matter cylinder are constrained by (4.1) and (4.16), so that
the matter making up the cylinder has negative energy density µ (even in
the static limit β → 0) and positive stresses τϕ and τz. The exotic character
of this matter shows up in the dynamics (the fate of a falling observer),
but not in the exterior space-time geometry, which is the spinning cosmic
string geometry (3.4) with parameters α and ω which may be arbitrarily
chosen (only r+ is determined from the string parameters by eq. (3.12)). We
may thus choose these parameters so as to ensure that the total (matter +
gravitational) mass per unit length M = 2pi(1 − α)/κ is positive (α < 1)
and that there are no timelike curves (|ω| < α|r+|, which also ensures the
absence of closed timelike curves inside the matter cylinder, because of the
continuity of gϕϕ).
(c) p
2
= 1. From eqs. (3.13) and (3.11), this occurs if the metric param-
eters r+ and r− are related to the longitudinal tension τz by
r+ =
1
τz
, r− = − 2
µ+ τϕ − τz , (4.20)
while the linear rotation velocity β of the string is
β =
∣∣∣∣∣µ− τϕ − τzµ− τϕ + τz
∣∣∣∣∣ . (4.21)
The inequalities r+ < 0, r− < 0 (r− finite) and β < 1 are equivalent to the
conditions
µ < τϕ , τz < 0 , τz < µ+ τϕ (4.22)
on the cylinder parameters.
On account of eqs. (4.20) and (4.21), the matrix A− of eq. (3.10) reduces
to
A− =


a ε′ ατz a 0
−ε′ τzα a −a 0
0 0 1

 , (4.23)
where
a =
τ 2z − (µ− τϕ)2
2 τz (µ+ τϕ − τz) , (4.24)
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and ε′ = sign(Ω[τ 2z −(µ−τϕ)2]). According to eq. (2.20), the resulting matrix
λ− is
λ− = C− [1− A2− + (A− −A2−) ln (r − r−)2 + A2− (r − r−)2] , (4.25)
with
A2− =


0 0 0
0 0 0
0 0 1

 . (4.26)
If a 6= 0, the matrix A−−A2− is non zero so that the metric corresponding to
(4.25) is non-Kasner. Using the continuity condition (3.2) to determine the
matric C−, we obtain the interior metric
ds2− = (ψ + 1) dt
2 − 2 (ω′ψ + ω) dϕ dt+ [ω′2ψ + ω′ (2ω − ω′)] dϕ2
− (r − r−)
2
r2−
dz2 − dr2 , (4.27)
with
ψ = a ln
(r − r−)2
r2−
, ω′ = ω + ε′ α r+ , (4.28)
The only non-zero components of the curvature tensor following from
(4.27) are
Rα2β2 = −Rα3β3 = −
1
(r − r−)2 A
α
β (4.29)
(α, β = 0, 1), of Petrov type I. Obviously the curvature invariants vanish, so
that the singularity of the interior metric at r = r− is a non-scalar curvature
singularity [15]. Because of this singularity, the metric (4.27) is not a regular
solution to the hollow cylinder problem. However, as we shall now show by
studying the geodesic motion of a test particle in this metric, for a certain
range of the cylinder parameters the singularity r = r− is ‘harmless’, i. e. it
is avoided by all timelike and lightlike geodesics. The geodesic equation in a
stationary cylindrically symmetric metric (2.1) may be integrated to(
dr
dτ
)2
− ΠT λ−1Π + η = 0 , (4.30)
where η = +1, 0 or−1, τ is an affine parameter, and the generalized momenta
Πa = λab
dxa
dτ
(4.31)
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are constants of motion. In the case of the metric (4.27), equation (4.30)
reads (
dr
dτ
)2
+ p2 (ψ + 1) + 2 pΠ0 +Π
2
2
r−
(r − r−)2 + η = 0 , (4.32)
with p = −(ω′Π0+Π1)ε′/αr+. All the geodesics are deflected away from r =
r− by the potential barrier in (r − r−)−2, unless Π2 = 0. If Π2 = 0, then for
a > 0 almost all the geodesics terminate at the singularity r = r− (ψ → −∞).
However for a < 0 all the geodesics are deflected away by the logarithmic
potential barrier p2ψ, unless p = 0. In this last case ( which excludes timelike
geodesics η = 1), only spacelike geodesics (η = −1) extend to r = r−. We
conclude that test particles are always repelled by the singularity r = r− if
a < 0, i. e.
µ > τϕ + τz (4.33)
(note that the constraints (4.22) and (4.33) allow the possibility of a positive
energy density µ). An unpleasant corollary of the choice a < 0 is that for
ψ large enough the interior geometry (4.27) admits closed timelike lines.
This pathology does not occur if the parameters of the exterior metric are
constrained by ω′ = 0 (ω = −ε′αr+), which also excludes closed timelike
lines outside the cylinder. However the interior geometry still admits for
ω′ = 0 closed lightlike lines, the closed null geodesics dt = dz = dr = 0
(Π1 = Π2 = 0).
If now a = 0, which from eq. (4.21) implies
τz = µ− τϕ , β = 0 , (4.34)
the matrix A− assumes the diagonal form (4.26), and the interior metric is
simply
ds2− = (dt− ω dϕ)2 − α2 r2+ dϕ2 −
(r − r−)2
r2−
dz2 − dr2 . (4.35)
This metric has a conical singularity at r = r−, unless the variable z/|r−| is
an angle, i. e. unless z and z + 2pi|r−| are identified. To be consistent, such
an identification should be carried over to the exterior metric, so that the
‘longitudinal’ dimension z in (3.4) is actually wrapped up around a circle.
This implies that our hollow cosmic string is not cylindrical but toroidal,
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with small radius α|r+| = −α/τz and large radius |r−| = 1/τϕ. Of course,
space-time around such a torus can only be approximately described by the
cylindrical metric (3.4), a necessary condition for such an approximation
being |r−| ≫ α|r+|, i. e.
α τϕ ≪ −τz . (4.36)
The hollow cosmic string then connects two three-dimensional spaces where
the torus r = 0 is embedded in two different ways, the exterior space with
approximate metric (3.4), and the interior space (4.35) where the torus now
has |r−| as ‘small’ radius and α|r+| as ‘large’ radius.
Weak-field self-gravitating circular cosmic strings have been constructed
in [16]. Our various hollow cosmic string solutions can presumably be ap-
proximately extended to the case of circular cosmic strings by compactifying
the longitudinal dimension z. The solution p2 = 1, a = 0 is unique in
that it spontaneously compactifies. It is weak-field if α ≃ 1, in which case
0 < τϕ ≪ −µ from eqs. (4.34) and (4.36), so that the energy density on the
torus is negative. Contrary to the result of [16], the total mass of this hollow
cosmic string
2 pi |r−|M = (1− α) 4 pi
2
κ
|r−| (4.37)
is different from the matter energy 4pi2|r−|α|r+|µ/κ ≃ −α(4pi2/κ)|r−|. The
corresponding gravitational radius (1−α)(pi/2)|r−| is, in the weak-field case
α ≃ 1, negligible (as it should) with respect to the radius |r−| of the matter
distribution.
5 Solutions without an apparent singularity
The interior metric (3.6) is regular for r ≤ 0, whatever the values of the
Kasner exponents pi, if r− > 0. In this case the two regularity conditions
r+ < 0, r− > 0 constrain the possible domains of values of the cylinder
parameters. To simplify the notation, let us define
x = µ+ τϕ , y = µ− τϕ , z = τz . (5.1)
We have, from eqs. (3.11) and (3.12),
r+ =
2
t
, r− =
2
t− x− z , (5.2)
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with
t =
y2 + z2 − 2 xz
h−1y − x , h =
1− β2
1 + β2
. (5.3)
Then the conditions r+ < 0, r− > 0 read
x+ z ≤ t ≤ 0 . (5.4)
The nature of the interior geometry depends on the value of
p2 =
z − x
t− x− z . (5.5)
For −1/3 ≤ p2 ≤ 0 the other two exponents p0 and p1 are both positive; for
0 ≤ p2 ≤ 1, one of the other exponents is positive and the other is negative;
finally, for p2 < −1/3 or p2 > 1, the exponents p0 and p1 are complex
conjugate. A lengthy analysis [17] of these inequalities together with the
regularity conditions (5.4) leads to the domains of parameter values shown
in Table 1, where we have put
k =
1− β
1 + β
, l =
√
3 (1− β2) + 2 β√
3 (1− β2)− 2 β ,
y0 =
√
z (2 x− z) , y± = k±1 (2 x− z) , y˜± = k±1 z ,
y± =
1
2
[h−1 (x+ z)±
√
(h−2 − 1) (x+ z)2 − 3 (x− z)2] . (5.6)
The various domains c are related to the corresponding domains b by the
involution (x, y, z)→ (x, y, 2x− z).
Because the interior metric is regular for all values of r ≤ 0, the space-
times of this section have the wormhole topology, with two axes at infinity
r → ±∞. To ascertain whether these wormholes are traversable or not,
we study the motion of a test particle in the interior metric, given by the
integrated geodesic equation (4.30) with η = +1 or 0.
When the Kasner exponents pi are all real (domains b and c), this equa-
tion reads (
dr
dτ
)2
−∑
i
k−1i 〈Π, n(i)− 〉2 |r − r−|−2pi + η = 0 . (5.7)
For large negative r, the leading term in the effective potential comes from
the Kasner term with negative exponent pi (for −1/3 ≤ p2 ≤ 1, one and only
20
a) p
2
≤ −1/3
1) lx ≤ z ≤ hk−1x ≤ 0 , β ≤ 1/√3
z ≤ hk−1x ≤ 0
x ≥ 0 , z ≤ lx

 β ≥ 1/
√
3


y− ≤ y ≤ y+
2) hk−1x ≤ z ≤ x ≤ 0 , y− ≤ y ≤ y− or y+ ≤ y ≤ y+
3) 2x ≤ z ≤ hk−1x ≤ 0 , y− ≤ y ≤ y+
b) −1/3 ≤ p
2
≤ 0
1) 2x ≤ z ≤ hk−1x ≤ 0 , −y0 ≤ y ≤ y−
2) hk−1x ≤ z ≤ x ≤ 0 , y− ≤ y ≤ −y0
3) 2x ≤ z ≤ x ≤ 0 , y+ ≤ y ≤ y0
c) 0 ≤ p
2
≤ 1
1) hkx ≤ z ≤ 0 , −y0 ≤ y ≤ y˜−
2) x ≤ z ≤ hkx ≤ 0 , y˜− ≤ y ≤ −y0
3) x ≤ z ≤ 0 , y˜+ ≤ y ≤ y0
d) 1 ≤ p
2
1) x ≤ z ≤ hkx ≤ 0 , y− ≤ y ≤ y˜−
2) x ≤ 0 , hkx ≤ z ≤ l−1x


β ≤ 2−√3 ,
β ≥ 2−√3 ,
y˜− ≤ y ≤ y−
y− ≤ y ≤ y+
3) x ≤ z ≤ l−1x ≤ 0 , β ≤ 2−√3
x ≤ z ≤ hkx ≤ 0 , β ≥ 2−√3

 y+ ≤ y ≤ y˜+
4) l−1x ≤ z ≤ 0 , β ≤ 2−√3
hkx ≤ z ≤ 0 , β ≥ 2−√3

 y˜− ≤ y ≤ y˜+
Table 1: The various domains of the cylinder parameter values leading to
regular wormhole solutions
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one of the pi is negative). The wormhole is traversable if this term is timelike
(p0 < 0), and is generically not traversable if this term is spacelike (p1 < 0
or p2 < 0, so that p0 > 0). The sign of p0 depends both on the sign of p2 and
on the sign ε in (3.13), which we can show [17] to be negative in the cases
b1, b2, c1, c2, and positive in the cases b3, c3. We conclude that in the cases
b and c3, p0 > 0 and the test particle is generically reflected by a potential
barrier in |r − r−|−2pj (j = 1 or 2), except if the constant of the motion
〈Π, n(j)− 〉 happens to vanish; in this last case massive particles (η = +1) are
again reflected to exterior spacelike infinity, while massless particles (η = 0)
can travel to interior spacelike infinity r → −∞ in the cases b1, b2 and in
the case c3 if p2 > 2/3. In the cases c1 and c2, p0 < 0 and the particle
falls into the potential well towards interior spacelike infinity. A special case
of these traversable wormholes is the symmetrical wormhole [4] p2 = 0 with
x = z, y = h−1x (belonging to the case c2). Then the interior metric has the
same form
ds2− = (dt− ω− dϕ′)2 − α2− (r − r−)2 dϕ′2 − dr2 (5.8)
as the exterior metric (3.4), with α− = α+ arbitrary, ω− = −ω+, r− = −r+,
so that the full space-time admits the discrete isometry t → t, ϕ → −ϕ′,
r → −r, which exchanges the two axes at spacelike infinity.
The Kasner exponents p0 and p1 are complex conjugate in the domains a
and d. The matrix λ−1 is obtained by inverting eq. (2.22), with ρ = (1−p2)/2,
σ2 = (p2 − 1)(3p2 + 1)/4, leading to the geodesic equation
(
dr
dτ
)2
+ b |r− r−|−2p2 + c sin (2σ ln |r− r−|+ d) |r− r−|p2−1+ η = 0 , (5.9)
with b ≥ 0. Incoming test particles are always reflected back to exterior
infinity by the effective potential in (5.9), generically by the potential barrier
b|r − r−|−2p2 for p2 < −1/3, or by the oscillating term in |r − r−|p2−1 for
p2 > 1.
Up to now, we have assumed that the interior metric has the generic form
(3.6), excluding the exceptional metrics (2.26). For an exceptional metric,
the matrix (1/r−)A− in (3.10) should be replaced by (1/2)A−, where A− has
the form
A− = a
(
A2 0
0 1
)
, (5.10)
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with
TrA2 = TrA
2
2 = −1 (5.11)
from eq. (2.24), and
a = τz − µ− τϕ . (5.12)
The constraints (5.11) lead to the two relations
1
r+
=
1
2
(µ+ τϕ + τz) ,
β2 =
(µ− τz)2 + 3 τ 2ϕ
3µ2 + (τϕ − τz)2 , (5.13)
which may also be obtained from eq. (3.11) by taking the limit r− →∞; the
conditions r+ < 0, β < 1 are satisfied if
µ < τϕ < −µ− τz . (5.14)
If a 6= 0 (τz 6= µ+ τϕ) we obtain, using (2.27) and (5.10), the interior metric
ds2− = e
−ar/2 (C2 e
B(
√
3/2)ar)ab dx
a dxb − ear dz2 − dr2 , (5.15)
where C2 and B are 2 × 2 matrices, with B2 = −1. Again, we can show
that incoming test particles are reflected back to exterior infinity by an ex-
ponentially rising potential barrier if a > 0, an oscillating potential barrier
if a < 0. In the special case a = 0, corresponding to
τϕ = ±β µ , τz = (1± β)µ , (5.16)
with µ < 0, A is of rank 1 and the interior metric [4]
ds2− = (γr + 1) (dt− ω dϕ)2 − 2 ε′′ α r+γr (dt− ω dϕ) dϕ
+ α2 r2+ (γr − 1) dϕ2 − dz2 − dr2 , (5.17)
(with γ = ±2βµ/(1 ± β), ε′′ = ±signΩ) is flat. In the case of the sign +
in (5.16), γ < 0 and incoming test particles are reflected by a linearly rising
potential, while for the sign − the particles fall towards interior infinity with
constant proper acceleration [4]. Finally, if β = 0 in (5.16), A is of rank 0
and the interior metric reduces to the Minkowski cylinder (2.34).
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6 Discussion
We have determined and analyzed the various possible regular space-time
metrics inside an infinite rotating hollow cylinder, the metric outside the
cylinder being chosen of the spinning cosmic string type. While the analo-
gous spherically symmetric problem admits a unique solution, a traversable
wormhole made of two Schwarzschild space-times with a spherical matter
shell as common boundary [18], the variety of solutions we have obtained
here is a striking illustration of the non-existence of a Birkhoff theorem in
the case of cylindrical symmetry. These solutions include a space-time with
topologically Euclidean spatial sections, eq. (4.4), a black hole solution, eq.
(4.17), a quasi-regular solution, eq. (4.27) with a < 0, as well as the worm-
hole solutions of section 5. The special solution (4.35) might approximately
describe spontaneous compactification of the cylinder to a torus.
Although the exterior metric is the same for all these solutions, an ob-
server at exterior spatial infinity can gain some information on the values
of the cylinder parameters by aiming beams of test particles towards the
cylinder. In the case of the black-hole solution, as well as for the traversable
wormhole solutions c1 and c2 of section 5 and the exceptional solution (5.17)
with the sign −, all the incoming test particles disappear inside the cylinder.
Some photons may be absorbed by the cylinder in the case of the wormhole
solutions b and c3, while all incoming test particles are reflected back to
the outside in the other cases. If we insist on the positivity of the cylinder
energy density µ, then only the topologically Euclidean solution (4.4), the
quasi-regular solution (4.27) and the exceptional wormhole solution (5.15)
remain. In these cases incoming test particles are always reflected back, so
that total or partial absorption of the incident beam would signal that the
matter making up the cylinder is exotic.
After this work was completed, we came across an article by Khorrami
and Mansouri [19]. The hollow cylinder considered by these authors is non-
rotating (β = 0), but may collapse or expand. Assuming 3 the exterior
metric to be the static cosmic string metric, and choosing the interior metric
to be the topologically Euclidean metric (4.4), the authors of [19] recover our
relation (4.1) τz = µ + τϕ, and find that the static solution corresponds to
τϕ = 0 (which results from our eq. (4.7) with β = 0).
3The purported demonstration of eq. (31) is flawed.
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Figure 1: Penrose diagram for the black-hole space-time generated by two
mirror-symmetric matter cylinders (heavy curved lines). The exterior regions
are truncated conical space-times, while the interior region is a truncated
Rindler cylinder.
28
This figure "fig1-1.png" is available in "png"
 format from:
http://arxiv.org/ps/gr-qc/9405074v1
